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Abstract 

We present a geometric algorithm for obtaining consistent solutions to systems of partial 
differential equations, mainly arising from singular covariant first-order classical field theories. 
This algorithm gives an intrinsic description of all the constraint submanifolds. 

The field equations are stated geometrically, either representing their solutions by integrable 
connections or, what is equivalent, by certain kinds of integrable m-vector fields. First, we 
consider the problem of finding connections or multivector fields solutions to the field equations 
in a general framework: a pre-multisymplectic fibre bundle (which will be identified with the 
first-order jet bundle and the multimomentum bundle when Lagrangian and Hamiltonian field 
theories are considered). Then, the problem is stated and solved in a linear context, and a 
pointwise application of the results leads to the algorithm for the general case. In a second step, 
the integrability of the solutions is also studied. 

Finally, the method is applied to Lagrangian and Hamiltonian field theories and, for the 
former, the problem of finding holonomic solutions is also analizcd. 
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1 Introduction 



Systems of singular differential equations have been a matter of increasing interest, especially during 
the last 30 years, and they have been studied separately in theoretical physics and in some technical 
areas such as engineering of electric networks or control theory. The fundamental characteristic of 
these kinds of systems is that the existence and uniqueness of solutions are not assured. 

In particular, this situation arises in mechanics when dynamical systems described by singular 
Lagrangians are considered. Furthermore, these systems do not have a nice Hamiltonian descrip- 
tion, since not all the momenta are available, and there is a submanifold of the momentum phase 
space where, in general, the dynamical equations have no solution everywhere. The same prob- 
lems arise when considering systems of PDE's associated with field theories described by singular 
Lagrangians (indeed, many field theories are singular, for instance electromagnetism) , as well as in 
some other applications related with optimal control theories. 



Dirac [7j was pioneering in solving the problem for the Hamiltonian formalism of singular me- 
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chanical systems, by developing a constraint algorithm which gives, in the favourable final 
constraint submanifold where admissible solutions to the dynamics exist (in the sense that the 
dynamical evolution remains on this manifold). Dirac's main aim was to apply this procedure to 
field theories. After Dirac, a lot of work was done in order to geometrize his algorithm. The first 
important step was the work by Gotay et al ^5J> and its application to the Lagrangian formalism 
|161 117j . Other algorithms were given later, in order to find consistent solutions of the dynami- 
cal equations in the Lagrangian formalism of singular systems (including the problem of finding 
holonomic solutions) ^|2IJ|3B|, and afterwards, new geometric algorithms were developed to be 
applied both in the Hamiltonian and the Lagrangian formalisms |1S| I2() | U3 \ I35 | l3~7| I42| . 

The Lagrangian and Hamiltonian descriptions of field theories, termed the multisymplectic 
approach, is the natural extension of time-dependent mechanics. Therefore, in order to understand 
the constraint algorithm for field theories in a covariant formalism, the first step was to develop the 
algorithmic procedures for time-dependent systems. This work was provided in |4l 151 ITU ITTA l2~2"l |2"71 
EHl 0211 EH1 EE1 EH] • A basic geometric study of these systems can be found in §2j. Furthermore, 
a qualitative description of constraint algorithms for field theories was made in ^JJ . 

Working within the framework of the multisymplectic description for these theories, we present 
in this paper a geometric algorithm for finding the maximal submanifold where there are consistent 
solutions to the field equations of singular theories. This algorithm gives an intrinsic description 
of all the constraint submanifolds. The problem is stated in a generic pre-multisymplectic fibre 
bundle, in order to give a solution to both Lagrangian and Hamiltonian field theories, as well as other 
possible kinds of systems of partial differential equations. In this framework, the solutions to these 
equations are given geometrically by integrable connections or, what is equivalent, by integrable 
locally decomposable m-vector fields which are transverse to the fibre projection. The key point 
consists in using an auxiliar connection for constructing different geometrical structures needed 
to develop the algorithm, by following the same methods introduced in [2B] for time-dependent 
singular systems. This technique (the use of a connection) was used for the first time in j^j, in 
order to obtain (global) Hamiltonian functions, and afterwards applied both in the Lagrangian and 
Hamiltonian formalisms for this and other purposes (see [Hj 1^ IT U I33| I34 | I4()j ) . An exhaustive use 
of this technique in mechanics and field theory can be found in |31l 1321 l3D] . 

First, the problem is reduced to another in the realm of linear algebra, and solved in this 
context, and then the results are applied to the general pre-multisymplectic framework. In this 
way, a constraint algorithm can be developed giving a sequence of submanifolds which, in the 
best case, ends in some final constraint submanifold where field equations have consistent solutions 
(connections or m- vector fields), although not necessarily integrable. The problem of integrability is 
considered and solved separately. Finally, Lagrangian and Hamiltonian field theories are particular 
cases where the above results are applied straightforwardly, although in the Lagrangian case the 
problem of finding holonomic solutions must be also analized. 

The paper is organized as follows: 

First, in Section |2J we state and solve the algebraic version of the problem. Then, in Section 
01 we pose the general problem in the context of a pre-multisymplectic fiber bundle and, applying 
the results obtained in the previous Section, the solution is achieved after studying the additional 
problem of integrability. After this, Section El is devoted to giving the application to Lagrangian 
and Hamiltonian field theories, including the problem of finding holonomic solutions in the La- 
grangian formalism. Finally, as a classical example, field theories described by affine Lagrangians 
are analyzed in Section [5j An Appendix about multivector fields and connections is also included, 
in order to make the paper more self-contained and readable. 
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Manifolds are real, paracompact, connected and C°°. Maps are C°°. Sum over crossed repeated 
indices is understood. 



2 Linear theory 

2.1 Statement of the problem. Equivalences 

The problem we want to solve can be first posed and solved in a linear algebraic way. In fact, let 
W and £ be M-vector spaces (although, instead of M, another field of characteristic different from 

2 can be used), with dim £ = m, and dim W = m + n. Let cr: W — > £ be a surjective morphism, 
and denote V(<r) = ker cr, and by j: V(cr) W the natural injection. Consider the exact sequence 

— >V{a)^*W-^£ — >0 (1) 

Suppose that n £ A m £* is a volume element; denote = o~*i], and assume that a form f2 £ A m+1 W* 
and a subspace C of W are given. We denote this collection of data as (cr; r], fi; C). 

Next we consider the following problems in (cr; rj, Q; C): 

Statement 1 To find a m-vector X £ A m C satisfying that: 

1. X is decomposable. 2. i(X)uj = 1. 3. i(X)£l = 0. 

Statement 2 To find a subspace Ti <ZC satisfying that: 

1. dim TC = dim £ = m. 2. a\-n : Ti — > £ is an isomorphism. 3. [i{w)Q\\ji = 0, Vui G W. 

Observe that condition 2 is equivalent to W = © V (cr). 

Statement 3 To find a linear map h : £ — > C C W satisfying that: 
1. a o h = Idf. J?. [i(u>)m|imh = 0; / or every to € W. 

Proposition 1 Statements'^ and\^are equivalent, that is, from every solution to some of these 
problems we can obtain a solution to the others. 

( Proof ) (1 2) Let X £ A m C be a solution to the problem 1. As a consequence of the first 
condition, we have X = wi A . . . A w m , with w £ C. If e a = cr(w a ) £ £, for every a = 1, . . . , m, by 
the second condition we have rj(ei, . . . , e m ) = 1, and hence {e a } is a basis of £. 

Consider the subspace Ti. = (wx, . . . ,w m ). We have obviously that dim Ti = m and that the 
restriction cr|^: Ti — > £ is an isomorphism. Furthermore, [i(w)Q](wi, . . . ,w m ) = 0, for every 
w £ W. Thus Ti is a solution to problem 2. 

(2 ==?■ 3) Let Ti be a solution to problem 2. So cr|-^ is an isomorphism. If : Ti C is the 
natural injection, let h: £ — > C be defined as h := j-^ o (cr|^) _1 . This map is a solution to problem 

3 because the first condition holds straightforwardly and, as Imh = Ti, the second condition holds. 
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(3 => 1) Let h be a solution to problem 3. If {e±, . . . , e m } is a basis of £ satisfying that 
n(e\, . . . , e m ) = 1, let w a = h(e a ), and X = w\ A. . . Aw m . Then Af G A m C is a solution to problem 
1, because it is decomposable, and 

i(X)u = lo(wi, w m ) = rj(ei, . . . , e m ) = 1. 

Furthermore, if w G W, 

[»Wn]H = nc^i, . . . ,w m ,w) = (-i) m [i(w)Q}( Wl , ..., Wm ) = o 

since h is a solution to problem 3, and wi, . . . , w m G Imh. ■ 



2.2 Maps induced by a section 

Consider the exact sequence (0), and let V : £ — > W be a section of a. Denote H(V) := ImV. We 
have the splitting 

W = H(V) eV(cr) 

H(V) is called the horizontal subspace of V, and V(<r) is the vertical subspace of u. Note that 
<t|h(v) is an isomorphism. The above splitting induces the natural projections 

o% : W -» H(V) C W ; <Ty~ : W ^ V(ct) C W 

with <Ty + (Ty = Idyy; and, for every w G W, we write it; = Wy + Wy, where G H(V) and 
Wy G V(<t) are called the horizontal and vertical components of u; induced by V. In the same way 
we have the induced splitting 

>V* = h*(V) © V*(a) 

where H*(V) is identified with the set {/3 G W* ; /Jociy" = 0}, and V*(cr) with {/3 G W* ; /Wg = 0}, 
in a natural way. This splitting of W* induced by V gives rise to a bigradation in A fc W* given by 

A k W* = (A p H*(V)©A 9 V*(cr)) 

p,g=0,...,fc; p+q=k 

Now, let 2 G A m £ such that ^(-Z) = 1. With this condition, Z is unique and decomposable, 
since dim £ = m. Consider y^ = A m V(Z) G A m W, which verifies the following properties: 

1. is decomposable, because if Z = e± A . . . A e m , then y^ = V(ei) A ... A V(e m ). 

2. u(y%) = 1, since 

u(y*) = <j*r,{A m V{Z)) = 7]{(A m a o A m V)(Z)] = rj[A rn (a o V)(Z)] = 77(2) = 1. 

J^ 7 is said to be the m-vector associated to V and rj, and it generates A m H(V). 

The bigradation in A k W* induces a splitting of O as follows: $7 = f^" 1 ' 1 ) + O v , f^" 1 ' 1 ) being 
a (m + l)-form of bidegree (to, 1), and O v a (m + l)-form that includes the rest of components. 
Moreover, we have: 

Proposition 2 Sl^' 1 ) = U jA^, where 7^ := i(y%)£l. T/ien = ^ V + w A 7^- 
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( Proof) As generates A m H(V), it suffices to prove that f^" 1 ' 1 ) and w A7J 7 coincide when 
acting on y^ A v, for every v € V(<r). Thus, as 7^ vanishes on H(V), we obtain 



nf^o^Ai;) = n(yv A V ) = [ i(yv )mv) = rf {v) 
(uA^)(y^Av) = u(yZ)tf(v)=tf(v) 



Finally, if h: 6 — > C is a linear map, V induces a splitting h = hy + hy, where hy = <jy o h, 
and hy = o~y o h. Then, we introduce the map (endomorphism of W) 

h^=h^o C j = c7^oho f j:>V^ V(cr) C W 



2.3 Characterization of solutions 

In what follows, we assume that: 

Assumption 1 The (m + l)-form f2 v is of bidegree (m — 1,2). Hence 

Q = Q(m,l) + n (m-l,2) ( 2 ) 

27ms is equivalent to demanding that i(y\) 1(1)2) i(v3)£l = 0, /or every v%, 1)2, 1)3 € V(tr). 

Note that if U and V are real vector spaces of finite dimension then U* <3 V = {h : U — * 
V\h is linear}. Thus, the auxiliar section V induces the IR-bilinear map 



(3) 



: £*®C ^ (£* <g> H(V)) x V*(cr) 
h ^ (h^,i(i([h^]*)^ v ))0| v((T) ) 

where i([h£]*)3^ is the m- vector on W defined as follows: for every . . , [3 m € W*, 

m 

d(Kr)yV)(p\ ...,0 m )-.= £ y?w\ ... , . . . , d 

Observe that, if y^ = u)\ A . . . A u> m , with w a € W, then 

m 

iflW)^ = 2 wi A ... A hy"K) A ... A w m 

a=l 

Theorem 1 The necessary and sufficient condition for a linear map h : £ — » C to be a solution to 
the problem posed in Statement^ is that 

$(h) = (J H (V) o Hh(v)) _1 , -(7, V )lv(.)) (4) 

where Jh(v) : H(V) — > W denotes the natural injection, and Jh(V) (°"Ih(V)) _1 * s ^ e horizontal lift 
associated with V. 
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( Proof) (=>) Suppose that the linear map h: £ — > C is a solution to the problem posed in 
Statement |3J Consider the linear map <p : £ — > W defined by 

<P : = h - Jh(V) ° (o-Ihcv)) -1 : f W. 

We have that 

cr o = a oh - a o j H(v) o (cj|h(v)) _1 = Id - Id = 

and therefore, 

h v = Jh(v) ° (o"Ih(v)) _1 , h v = <P 
Now, suppose that ei,...,e m € £ such that r?(ei, . . . , e m ) = 1, and let io a = V(e a ), for a = 
1, . . . , m; thus y^ = w\ A . . . A u> m . We obtain that 

h(e Q ) = hy (e Q ) + h^(e Q ) =w a + h^(e a ) 

As h is a solution to the problem, using the splitting ©, for every v G W, we have 

= 0(h(e x ), . . . ,h(e m ),v) = Q(wi + h^(ei), . . . ,w m + h^(e m ),v) 

m 

= Q^' 1 ) (w u ...,w m ,v) + J2 O^- 1 ' 2 ) (wi,...,h^ (e a ), ...,w m ,v) 

a=l 

= rf{v) + mKr)y^)mv) 

and the result follows. 

(<=) Suppose that there exists a linear map h: £ — > C such that @ holds; that is, 

hv=4 oh = Jh(v) ° (o"Ih(V)) _1 > 

(i(i([h|]*)^ v )0)| v((T ) = -7, V lv( CT ) = -i(^ v )0|y {CT) . 

First we prove that h is a section of a. In fact, 

a o h = a o (hy + h^) = cr o hy = cr o j H(v) o (cr| H (y)) _1 = khj. 

Furthermore, let ei, . . . , e m G £, with r/(ei, . . . , e m ) = 1, and let u; Q = V(e a ), for a = 1, . . . , m. We 
have = w\ A . . . A u) m . Now 

h(e Q ) = (j H (v) ° (o"lH(V)) _1 )(e«) + hy(e a ) = w a + hy~(e a ) 

and we must prove that, if w G W, then f2(h(ei), . . . , h(e m ),w) = 0. Note that, as h is a section 
of <T, it induces a splitting W = h(£) © V(cr), and hence w = + w^, where G Imh and 
wl G F(cr). Then 

0(h(ei),...,h(e m ),^) =0, 
and it suffices to prove that Q(h(ei), . . . , h(e m ), u) = 0, for every v G V(c). In fact, 

0(h(ei), . . . ,h(e m ),v) = Q(wi + h^(ei), . . . , w m + h^(e m ),v) 

= n^^K, . . . , «, m , «) + nim ~ 1,2) (w h ...,h^(e a ),...,w m ,v) 

a=l 

m 

= d(y^)n)(v) + J2 ^ (m ~ 1,2) (wi, • • • , h v K), . . . , w m ,v) 

a=l 

= tf(v) + (i(i([i%]*)yZ)n)(v) = o 

■ 

Now, from Theorem ^ we deduce that: 
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Corollary 1 A linear map h: £ — » C is a solution to the problem posed in Statement^ if, and only 
h^=jH(v)°(^lH(v))- 1 , Wi([h^)^ V )^]|v( CT ) = -7, V |v (CT ) 

Let V(<r)° C W* be the annihilator of V(<r). It is clear that the vector spaces H*(V) and V(<t)° 

are isomorphic. The orthogonal complement of C with respect to and V is the subspace (C^q 
of {£ ® V(ff)°) x V(cj) defined by 

(^)^:=(Im^)°. (5) 

Then, from Theorem ^ we obtain: 

Theorem 2 There exists a solution to the problem posed in Statement^ if, and only if, 

h*0H(V)°(^lH(V))" 1 )-7, V (^)=0 , for every (h*,Z) € (C^. (6) 

Note that, if C = W and (W" 1 )^ = {0}, then it is clear that © holds. This is the case in the 
following Proposition: 

Proposition 3 If the (m + l)-form J7 V G A m+1 W* gu>en &?/ 

D v = fi-wA7, v (7) 

is 1-nondegenerate (that is, the map b^v : W — > A m W*, defined by bov(u) = /or every 

v eW, is injective), then (W" 1 )^ = {0}. 

( Proof) Let (h*,Z) G (W" 1 )^. From the definitions of b^ and (eqs. © and ©), we 

obtain that 

h*(h'^) + i(Z) i (i([h^]*)^ V )O = (8) 

for every h' G Lin(£,W). In particular, this implies that h*(h') = 0, for every h' G £* <8> H(V), 
and hence h* = 0. Therefore, using (JHJ, we deduce that 

i(Z) i(i([h^]*)^ v )^ = , for every hEf*® VV. 

As a consequence, from (jTJ) and from assumption^ it follows that i(Z)Q^ = and, since O v is 
1-nondegenerate, we have that Z = 0. ■ 



3 The general multisymplectic case 
3.1 Statement of the problem 

The problem we wish to solve arises from the Lagrangian and Hamiltonian formalisms in field 
theories, although other kinds of systems can also be stated in this way 

The general geometrical setting for these kinds of systems consists in giving a fibred manifold 
k: F — > M (which in what follows is assumed to be a fibre bundle), where dim M = m > 1 and 
dim F = n + m, and M is an orientable manifold with volume form r\ G f2 m (M). We denote 
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lo = K*n. We write (U; x^, y 3 ), [i = l,...,m, j = l,...,n, for local charts of coordinates in F 
adapted to the fibred structure, and such that u = dx 1 A ... A dx m = d m x. Let £1 G f2 m+1 (F) 
be a closed form, and consider the triad (F, tt,cu). The form O is said to be a multisymplectic 
form if it is 1-nondegenerate, that is, if the map : TF — > A m T*F, defined by b^i(v) = i(v)£l, 
for every v G W, is injective. In this case, the system described by the above triad is called a 
multisymplectic system. Otherwise, the form is said to be a pre-multisymplectic form, and the 
system is pre-multisymplectic. 

The problem is stated as follows: 

Statement 4 Given a pre-multisymplectic system (F, f2, oj), we want to find a submanifold jc '■ C » 
F, and a K-transverse, locally decomposable and integrable m-vector field Xc along C, in the fibra- 
tion k: F — > M, such that 

i(X c (y)My)=0 , for every y G C. (9) 

First we obviate the integrability condition. Hence the problem consists in finding a submanifold 
C F and a locally decomposable m-vector field Xc € X m (F) along C such that 

i(Xc(y)My) = l , i(X c (y)My)=0 , for every yeC. (10) 

(Note that the first equation implies that Xc is K-transverse). 

Taking into account Remark |S] in the Appendix and Proposition^ we have: 

Proposition 4 If C is a submanifold of F , then there exists a solution to the problem stated in 
Statement^ if, and only if, at every point y G C, there is h y G T*, jM<S)T y C = Lin(T K ^M,T y C) 
such that 

1. hy is K-transverse (that is, it is a connection along C): 

T y K h y C °h y = Id. (11) 

2. For every {X\)n{y)t . . . , (X' m ) K ^ G T^^M , and Y y G T^-F , 

n(y)(h y ((X[) K{y) ), h y ((X'J K{y) ), Y y ) = 0. (12) 

In order to solve this problem, the use of an arbitrary connection in the fibration k: F — ► 
M is required. Thus, let V be a connection in k: F — > M, and the corresponding locally 
decomposable m-vector field on F such that i(y^)ui = 1. As is well-known (see Appendix and 
Section l2~2|) . the connection V induces a splitting 

A k T*F = (A P H* (V) A 9 V* («)) 

p,q=0,...,k; p+q=k 

where H(V) — > F is the horizontal subbundle associated with the connection V and V(k) — > F is 
the vertical subbundle of the fibration k : F — > M. Thus, we have that 

n = + n v , 

Qi™' 1 ) being a (m+l)-form of bidegree (to, 1) and f2 v a (m+l)-form. Moreover, as a straightforward 
consequence of Proposition EJ we have that: 
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Proposition 5 = ujA^, where := i(y%)Sl. Hence fi = f2 v +WA7J 7 . 

In what follows, we assume that the following condition holds: 

Assumption 2 The (m + l)-form f2 v is of bidegree (m — 1,2). 
By Proposition^ this is equivalent to demanding that 

i(Z x )i(Z 2 )i{Zz)tt = ,for every Z 1 ,Z 2 ,Z 3 G X Y{k) (F). 



Remark 1 The above assumption is justified because this is the situation in the Lagrangian and 
Hamiltonian formalism of field theories (see Propositions 171 and II 1|) . 

3.2 Conditions for the existence of solutions on a submanifold of the total space 

Taking into account the above considerations, the necessary and sufficient condition for the existence 
of solutions to the problem posed in the Statement EH arises from the results obtained in Sections 
12.21 and 12.31 The key consists in working at every point of the manifolds involved in this problem. 
Thus, if y 6 C, the following identifications can be made: 

S = T K{y) M , W = T y F , C = T y C , V(a)=V v («) 

Then we may consider the R-linear map 

$(y) : T* K(y) M ® T y C -> (T* K{y) M <g> H y (V)) x V y *( K ) 

defined by 

Therefore, Theorem ^ and Corollary ^ lead to the following results: 

Theorem 3 Let y € C. Then, there exists a linear map h y G T*, ,M ig) T y C suc/i t/iai and 
hold if, and only if, 

^n(y)( h y) = (( T ?/ K H(V)) _1 5 -7^(y)lv H ( K )) 

where (T^Kj^y)) -1 : T^^M — > H ?/ (V) is £/ie horizontal lift at y associated with the connection V. 
(Observe that (T^ H( v)) _1 € T* k(j/) M ® H y (V)J. 

Corollary 2 IfyGC, and h y € TV jM 18) T y C ; t/ien |TTp and J7^ fto/d i/, and onZy i/ ; 

(h,)f = (t^h(v))- 1 , miMfiO%(v))){n(si))]\v,w = -«(2/))lv.( K) - 

Remark 2 If y G C, let V y (K)° C T*W be the annihilator of the vertical subspace Vy(n) at the 
point y. Then we have that 

[Lin(T K{y) M,tt y (V))}* ^T K(y) M®mV) ^T K(y) M ®V y ( K )° ^ Lin(T* K(y) M,V y (K)°). 
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If hj,: T K ( y )M -» H y (V) and h* : T* (y) M -> V^(k)° are linear maps, {(Xi) k(3/ ), . . . , (X m ) K ^} is a 
basis of T K ( y )M such that {a^), • • • , a ™( y ) } 1S the dual basis of T*^M, and 

^?(«(y)) = (« 1 )«(y) A • • • A (a m ) K (<,), -^(Ac(y)) = A • • • A (X m ) K(y) , 

then, taking (Yi) y = (T y K H ( V ))((X i ) Kfe) ) and j3 y = s o T y n, for all i G {1, . . . ,m}, we deduce 

that {(Yi) y , . . . , (5^n)j/} and . . . , /3™} are a basis of H y (V) and Vy(/c)°, respectively. Moreover, 
if 

MTO*(v)) = MC^Oi/, KK(y)) = (KM> far every i6 {l,...,m} 
it follows that < h*,h, >= h*(h,) = (^'(h*)*.. 

Now, if y 6 C, the orthogonal complement (T^C)^ with respect to and V is the subspace of 
(T K{y) M <g> V ?/ (k)°) x V„(k) defined by 

(T^7)X = (Irnb£(y))°. (14) 
As in Theorem |21 from Theorem |31 we obtain 
Theorem 4 Zei y € C. Then, there exists a linear map h y G T*^M <g> T y C suc/i that 

(h,)f = (T^v))- 1 , [i(i([S)|] t )(^ v (2/)))(^(y))]|v yW = -(7»)Iv hW 

i/j and on/y if, 

h*(T^ H (V))~ 1 -7, V (y)(^)=0, for every (h.*, Z,) G (T^C)£. (15) 

Note that if (Ty C)q = {0} then it is clear that (JT51) holds. Thus, from Proposition we have: 

Proposition 6 If the (m + l)-form S7 V on F given by f2 v = — lo A 7^ is 1-nondegenerate, that 
is, the map b^v : TF — ► A m T*F is injective, then 

(TyF)n = {0}, for every y G F. 
3.3 The pre-multisymplectic constraint algorithm 

Now we apply the above results in order to solve the problem stated in Section 13, II The procedure 
is algorithmic, and gives a sequence of subsets {Ci} of F. Then, we assume that: 

Assumption 3 Every subset d of this sequence is a regular submanifold of F, and its natural 
injection is an embedding. 

Thus, we consider the submanifold G\ ^ F where a solution exists, that is, 

Ci = {y G F I 3h y G Lm(T K(y) M, T y F) such that (h y )* = (Ty/e^v)) -1 , 

[<(i(M]*)(3?(»)))(n(y))]|v,w = -(7, v (y))k w } • 
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Then, using the results of Section [3,21 we deduce that there is a locally decomposable section X\ 
of the vector bundle A m T Cl F —> C\ such that {%{Xx)<J)\c x = 1 and (i(Xi)tl)\ Cl = 0. However, in 
general, h. y (T K r y \M) is not a subspace of T y Ci and then X\ is not tangent to C\ or, in other words, 
in general, X\ is not a connection in the fibration k: F — > M along C\. Therefore, we consider the 
submanifold 

C 2 = {y\ G C\ | 3h yi G Lin(T K ( yi )M,T yi C{) such that (h yi )f = (T^K^y)) -1 , 

Hm^]*)(y%(yi))m( yi ))]w yi{K) = -(tf(yi))\ VyiiK) } • 

Then, there is a locally decomposable section X 2 of the vector bundle A m T c 2 Ci — * C2 such that 
^(/^^Ota = 1 anci (*(^2)^)|ca = 0- However, in general, ^2 is not a connection in the fibration 
k: F — > M along C%. Following this process, we obtain a sequence of constraint submanifolds 

... j b Ci j £ ■■■Hc 1 ^Co = F. (16) 
For every i > 1, Cj is called the zth constraint submanifold. 

This procedure is called the pe-multisymplectic constraint algorithm. We have two possibilities: 

• There exists an integer k > such that dimCfc < m — 1. This means that the equations have 
no solution on a submanifold of F. 

• There exists an integer k > such that C^+i = Cf. = Cf. In such a case, there exists a 
connection Xf in the fibration k: F — > M along CV such that 

i{Xf(.yf))W.yf)) = 0, for every y/ G C/. 

In this case, Cj is called the fmai constraint submanifold. This is the situation which is 
interesting to us. Note that the existence of a connection in the fibration k: F — > M along 
Cf implies that n(Cf) is an open subset of M and that k\c } ■ Cf — ► k(C/) is a fibration (see 
Remark [S] in the Appendix). In particular, dimCj > m. 

Next we give an intrinsic characterization of the constraints which define the constraint submani- 
folds Cj. For this purpose, we consider the vector bundle over F, 

W{k, V) = (k*{T*M) <g> H(V)) 0f V*(as) 

whose fiber over the point y G F is 

W v (k,V) = (T* K{y) M®R y (V)) x VJ(«) - Lm(T K(j/) M,H,(V)) x Vj(«). 

The horizontal lift associated with the connection V and the 1-form 7^ induce a section ((T/«h(v)) _1 > 
— (7^ 7 )|v( k )) °f this vector bundle given by 

((Tk H (v))~\ -(77)lv(«))(v) = ((TyASH(V)) -1 > -(l^(y))W y ( K )), f ° r every y £ F. 

Furthermore, let Wc^k, V) be the vector bundle over the submanifold Cj whose fiber at the point 
yi G Cj is W Vi {n,V). Moreover, we may consider the orthogonal complement (T^Q)^ of T yi Ci 
with respect to f2 and V given by (see (|14))1 

(TiCi)^ = {(h^,^J G L m (T: fc) M,V,,(«)°) x V w («) I ^((h^f ) + 

i(Z yi )i( i ([(h^]*)(^ v (y)))(^(y i )) = , for every h Vi G Lm(T re(w) M, T^)}- 
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Note that (T^COfi C W*.(k,V). Furthermore, if (T^COn 

is a vector subbundle of rank r of 
Wq. (k, V) (that is, the dimension of (T^Ci)q is r, for every y» G Cj) then one may choose 
a set of r local sections {(h*, Z\), . . . , (h*, Z r )} of the vector bundle W*(k, V) — > F such that 
{(h*, Zi)\c t , ■ ■ ■ , (h*, ^r)|Ci} is a local basis of the space T^T^d)^) of sections of the vector 
subbundle (T^Cj)^ — » Cj. In addition, using Theorem^ we deduce 

Theorem 5 Every submanifold C{ (i > 1) in the sequence Ub}) may be defined as 

C i = { Vi - 1 €C i -i I (((T K H ( v))- 1 ,-(7, V )lvw)(y l -i),(T^_ 1 C l _ 1 )^) = 0}. 

Therefore, if (T- L Cj_i)^ is a vector subbundle of rank r of Wq__ i (k,V) and {(h*, Z^ 1 " 1 ), . . . , 

(h*, Z r )^~^} is a set of sections of the vector bundle W*(k, V) — » -F spanning locally the space 
T((T ± Ci-i)'^), then d, is defined locally, as a submanifold of 'd—ii as the zero set of the functions 
if G C°°{F) graen by 

if = ((T KH (v))- 1 ,-(7, V )lv (K ))((h*,Z,) (i - 1) ). 
These functions are called ith-generation constraints. 

3.4 The integrability algorithm 

Suppose that after applying the premultisymplectic constraint algorithm we have a final constraint 
submanifold Cf ^ F and a connection defined by the multivector field Xf in the fibration k : F — * 
M along Cf such that Q holds on Cf, that is, 

i{X f (y))n{y) = 0, for every y G C/. (17) 

However, Xf is not, in general, a flat connection. Nevertheless, in many cases, one may find a 
submanifold If of Cf such that (Afy)^ is a flat connection in the fibration k: F — ► M along 
and © holds for (Af/)| Z/ . 

Next we present an algorithm which enables us to find this submanifold (which is an adapted 
version of that given in ^Oj). This is a local algorithm, that is, we are in fact working on suitable 
open sets in Cf. Hence, let Xf = AjT=i -^-n ^ e a solution to (|17|). 

• Integrability condition: The condition that Xf is flat is equivalent to demanding that the 
distribution spanned by X±, . . . , X m is involutive. Then, if Cf = dimCf, let Z%, . . . , Z n _ m G 
3i(F), such that {X±, . . . , X m , Z±,..., Z c .- m } is a local basis of the module of vector fields 
on Cf. Therefore, for every pair X^,X U (1 < /jl, v < m) we have 

[Xp, X v ] = f^ v X p + Cliu Z i 

for some functions f^ v , . Consider the system ( l = and let 

T 1 = {yeC f ; C^(y) = o, V/W}. 

We have three options: 

1. T\ = Cf. Then the distribution spanned by Xi, . . . ,X m is involutive, and (Xf)\c f is a 
flat connection in the fibration k: F — > M along C / . 
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2. X\ = 0. Then the distribution spanned by X\,... ,X m is not involutive at any point in 
Cf, and hence the m- vector field Xf is not integrable. 

3. Zi is a proper subset of Cf. In this case we assume that X\ is a closed submanifold of Cf 
and the functions £L, are the constraints locally defining X\ . The distribution spanned 
by Xi, . . . , X m is involutive on X\\ that is, the m- vector field Xf is integrable on I\. 

If Xf is tangent to X±, then (Xf)\x x defines a flat connection in k: F — > M along X\ and ||JJJ) 
holds on Zi which implies that the problem is solved. Nevertheless, this is not the case in 
general, so we need the following: 

• Tangency condition: Consider the set 

Z 2 := {y G X 1 ; X f (y) € K m T y Xi} 

For Z2 we have the same problem, so we define inductively, for i > 1, 

Xi := {y S Z_i ; X f (y) € A m T 2/ Z i _i} 

and assume that we obtain a sequence . . . C Zj C . . . C T\ C Cf such that Zj is a non-empty 
(closed) submanifold of F, for all i, or Zj = 0, for some i. 

Observe that the locally decomposable m-vector field Xf = X\ A . . . A X m is tangent to Zj 
(with Zj 7^ 0) if, and only if, X^ is tangent to Zj, for every fi. 

Thus, using the constraints, we have that, if {(a]} is a basis of constraints defining locally Zj 
in Zj_i, the tangency condition is = X^aj) (for every ft, aj), that is, we have 

Z+i := {y G Z ; X^C^Jiy) = , V/i,aj}, for every i > 1. 

The above algorithm ends at step / in one of the following two options: 

1. drrnXf < m — 1. In such a case, we deduce that it is not possible to find a submanifold Z of 
Cf such that (Xf)\j is a flat connection in the fibration k: F — > M along Z. Therefore, we 
must consider (if it exists) another connection X'j along Cf such that i{X'j(y))Q(y) = 0, for 
every y G Cf, and then we must repeat the above procedure. 

2. Xf + \ = Xf. In this case Xf is a submanifold of F and we deduce that (Xf)\j f is a flat 
connection in the fibration k: F — > M along Zy such that i(Xf(y))({l(y)) = 0, for every 
y G Zj. Thus, the problem is solved. As in Section 13.31 we remark that the existence of a 
connection in the fibration k: F — > M along Xf implies that k(Zj) is an open subset of M 
and that k\j. : Xf — > ft(Xf) is a fibration. In particular, dimXf > m. 

We will call this procedure the integrability algorithm for decomposable m-vector fields. 



4 Application to Lagrangian and Hamiltonian field theories 
4.1 Lagrangian and Hamiltonian field theories 

(For details on the construction of the Lagrangian and Hamiltonian formalisms of field theories, 
see for instance, 0, 0, 0, EH, HU, Ql, PI, HI]> EH1, EB-) 
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A first-order classical field theory is described by its configuration fibre bundle tt: E — > M 
and a Lagrangian density which is a 7f 1 -semibasic m-form, C, on J x tt (the first-order jet bundle of 
tt: E — > M). C is usually written as C = L(it l *ri) = Llo, where L G C°°(J 1 7r) is the Lagrangian 
function associated with C and to, and 7T 1 : J x tt — > E 1 and 7T 1 := 7r o 7f : J 1 ^ — > M are the natural 
projections. The Poincare-Cartan m and (to + l)-forms associated with the Lagrangian density C 
are defined using the vertical endomorphism V of the bundle J 1 ^ 

Q c : = i(V)C + C G Q m { J\) ; Q c := -d9 £ G Q m+l {J l Tr) 

Then a Lagrangian system is a couple (J 1 ^,^). The Lagrangian system is regular if Qc is 1- 
nondegenerate. Elsewhere it is called singular. In a natural chart of coordinates (x a , y A , v A ) in 
J 1 ^ (adapted to the bundle structure, and such that oj = dx 1 A ... A dx m = dx m ) we have 

B 2 T B 2 T 

°« = -w dt ' ?Ad ^ Ad ""^-%W d! ' BAd! '- 4Ad '"" I '> 

<9 2 Z/ A 1 B im f 5 2 L A d 2 L \ , B im 

+ 0tfft£^ A d x + (^T« - ^ + J dy A d 35 (18) 

(where d m x = dx 1 A ... A dx m and d m_1 x a = j (^—^j d m x). Locally, the regularity condition is 
/ d 2 L \ 

equivalent to det ( - . „ (y) I ^ 0, for every y G J x tt. 

The Lagrangian problem associated with a Lagrangian system (J l ir,Qc) consists in finding 
sections (f> G T(M, E) (where T(M,E) denotes the set of sections of n), such that 

C7 V)* *P0^£ = , for every X G X( J 1 ^) 

In natural coordinates this is equivalent to demanding that <p satisfies the Euler-Lagrange equations. 
The problem of finding these sections can be formulated equivalently as follows: to find the integral 
sections of a class of holonomic m-vector fields {Xc} C X m (J 1 7r), such that 

i(X c )Q C = , for every X c € 

(Holonomic means that Xc is integrable and its integral sections are holonomic. This is equivalent to 
demanding that Xc is integrable and semi-holonomic, that is, it satisfies the condition i{Xc)V = 0. 
Semi-holonomic (not necessarily integrable) locally decomposable m-vector fields which are solution 
to these equations are called Euler-Lagrange m-vector fields for (J 1 ^, Qc)- 

For the Hamiltonian formalism of field theories, we take as the multimomentum bundle the 
manifold jV = A™T* E / n* A m T* M , where A™T*E = Mir is the bundle of m-forms on E van- 
ishing by the action of two 7r-vertical vector fields. It is a bundle f 1 = tt o t 1 : J 1 tt* — > M, where 
r 1 : J 1 ^* — ► E is the natural projection. Natural charts of coordinates in M.tt and J l ir (adapted 
to the bundle structure, and such that uo* = f 1 *!] = dx 1 A ... A dx m = dx m ) are denoted by 
(x a , y A ,p%p) and (x a ,y A ,p A ), respectively. 

As Mtt is a subbundle of A m T*E (the multicotangent bundle of E of order m), then Mtt is 
endowed with canonical forms: the "tautological form" G i? m (A4-7r), and the multisymplectic 
form Q := — d0 G Q m+l (A4.it) . They are known as the multimomentum Liouville m and (to + 1)- 
forms. Their local expressions are 

9 = p a A dy A A d m_1 x Q + pd m x , Q = -dpi A dy A A dL m ~ l x a - dp A d m x 

Now, if ( J 1- 7r, Qc) is a Lagrangian system, the extended Legendre map associated with C, 
TL: J 1 tt — > A4-7T, is defined by: {FCy)){Z\, . . . , Z m ) := (Qc)y{Z\, ■ ■ ■ ,Z m ), for y G J 1 tt, where 
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Z\, . . . ,Z m G T n i^E, and Zi,...,Z m G TyJ 1 -^ are such that Tyi^Za = Z a . Then, using the 
natural projection fj,: M.tx — > J 1 ^*, we define the restricted Legendre map associated with C as 
TL := 11 o Their local expressions are 

Tl*x v = x v , TLy A = y A , TCp\ = §k , J r Cp = L-v A -§^ 
TC*x" = x v , ^£V = 2/ , TL*p\ = j^ 

We have that ^X*6 = 0£, and = fi/;. 

(J 1 ^, fi^) is a regular Lagrangian system if TC is a local diffeomorphism (this definition is 
equivalent to that given above). Elsewhere (J 1 ^, is a singular Lagrangian system. As a 
particular case, (J 1 ^,!^) is a hyper-regular Lagrangian system if TC is a global diffeomorphism. 
A singular Lagrangian system (J 1 ^^) is almost-regular if "P := FC^ 1 ^) is a closed submanifold 
of J 1 -^*, JF£ is a submersion onto its image, and for every y G J 1 -^, the fibres T C \T C{y)) are 
connected sub manifolds of J 1 it. 

If ( J 1- 7r, is an almost-regular Lagrangian system then V is a fibre bundle over and M (the 
natural projections are denoted by Tq : V — > -E and Tq := 7r o tJ : "P — > M) and the /U-transverse 
submanifold P = !FC{J l Ti) » .M-7T is diffeomorphic to P (and we denote by Jo : ^ M-it the 
natural imbedding). This diffeomorphism is denoted fl: V — > P, and it is just the restriction 
of the projection fi to V . Then, taking h := p, , we define the Hamilton-Cartan (m + l)-form 

= (Jo /i)*f2, which verifies that TCqQ,^ = Qc (where J- Co is the restriction map of T C onto 
V). Then h is called a Hamiltonian section, and ("P, OjJ) is the Hamiltonian system associated with 
the almost-regular Lagrangian system {J l ir,£lc) (see [26]) . 

If (J 1 ^,^/;) is a hyper-regular Lagrangian system, then V = J 1 ^*, and the construction is 
the same. In addition, J^C^J 1 ^) is a 1-codimensional embedded submanifold of Mir, which is 
transverse to the projection fi, and is diffeomorphic to J 1 ^*. This diffeomorphism is /U _1 , when /x 
is restricted to J-C{J 1 tt), and coincides with the map h := J- 'Co J 1 ' , when it is restricted onto its 
image, h is the Hamiltonian section in this case, and the associated Hamiltonian system is denoted 
by (J 1 !?* ,Qh), where Qh = h*Q. In a local chart of natural coordinates, the Hamiltonian section 
is specified by a ./oca] Hamiltonian function H G C°°(U), U C J l ir*, such that h{x a ,y A ,p a A ) = 
(x a ,y A ,p%p = —H), where 

H(x a , y A ,p a A ) = (TC- 1 )* (v A ^ - L) = PKTC- 1 )^ - {F£T X )*L 

and n h = -dpi A dy A A d m ~ l x a + dH A d m x. 

The Hamiltonian problem associated with the Hamiltonian system (V, fijj) (for (J 1 ^* ,Qh) is 
analogous), consists in finding sections ip Q G T(M,V) such that 

r o i(X )n° h = , for every Xq G X(V) 

As in the Lagrangian case, these sections are the integral sections of a class of integrable and 
Tq -transverse m- vector fields {X~n } C 3£ m (V) satisfying that 



(X Ho )n° h = Q , for every X Ho G {X Ho }. 



m-vector fields satisfying these conditions (but not necessarily integrable) are called Hamilton-De 
Donder-Weyl m-vector fields for (V, ^2)- 
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4.2 Lagrangian and Hamiltonian algorithms 

Let ( J 1 ^, Q,£) be a Lagrangian system. If V is an Ehresmann connection in the fibration tt 1 : J 1 -^ — > 
M, let J^ 7 be the corresponding m-vector field on J l n. Then, we have: 

Proposition 7 The Poincare-Cartan (m + l)-form may be written as 

where ("fc)n = i(3^)^£ € /2 1 (J 1 7r), and is a (m + l)-form on J l ir of bidegree (m — 1, 2) with 
respect to the connection V. 

( Proof) If y G and t?i,i?2jW3 € ^(vr 1 ) (^(^r 1 ) being the vertical bundle of tt 1 ) then, from 
(I18|) we have that i(t>i A i>2 A Vs)0,c(y) = 0. Thus, the result follows from Propositions [2] and |SJ ■ 

If ( J 1- 7r, fi^) is a hyperregular Lagrangian system (the regular case is analogous) TC is a global 
diffeomorphism. Moreover, if 0,^ is the Hamilton-Cartan (m + l)-form on J 1 -^*, then 

^£*n ft = n £ . (19) 

Furthermore, as J~C is a global diffeomorphism, the connection V induces a connection V* in the 
fibration f 1 : J 1 ^* — > M in such a way that 

FC*y* = y**, (20) 

where J^ 7 * is the m-vector field on J X 7r* associated with V* and the volume form n. Thus, from 
l|19|). (f2*U|) and Proposition [3 we obtain: 

Proposition 8 TTte Hamilton-Cartan (m + l)-form may be written as 

n h = nT +w*A( 7ft )J*, 

where (7^)^* = a^rf ^Jf* is a (ra + l)-form on J 1 ^* of bidegree (m — 1,2) wi£/i respect 

to the connection V*. 

Furthermore, we may prove the following result: 

Proposition 9 (J 1 ^, fi^) is a regular Lagrangian system, then the (m + l)-forms and il^ 7 * 
are 1-nondegenerate. 

( Proof ) As J 7 /! is a diffeomorphism and FC*^ = fi^, it suffices to prove that 0% is 1- 
nondegenerate. The local expression of is 

njf = A dy A A d m - l x a + 6 A d m x, 

( d \ 

6 being a 1-form such that 9 I — — I = 0, for every a. As a consequence, 

\ OX a I 



(21) 
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* (^l) = E A ^ + 61 (^) (22) 

i (4) 0r = "^ Adm_V + K4) dmX - ^ 

Thus, if X = A/3— — — h u A -Jr-7 + ^477— is a local vector field such that i(X)QY* = then, from 
OX0 oy A op a A 

(|2ip. it follows that A^ = 0, for every /?, which implies that (see (f2*2l and (|2*3)0 

H A dp a A A d m ~ x x a + lL A Q{-^)d m x - v a A dy A A (T- 1 ^ + v A B(-^—)d m x = 0. 

Therefore, fi A = and i/J = 0, for every ^4 and a, that is, X = 0. ■ 

If the Lagrangian is regular, then from Propositions Eland El we obtain that (T^J 1 ^)^ = {0}, 
for every y G J 1 7r. Thus, there exist locally decomposable m- vector fields on J 1 it such that 

i(Afc)o; = 1, i(X c )n c = 0. 

Moreover, we have 



Proposition 10 If ( J 1 -^, f2,c) zs a regular Lagrangian system and Xc is a locally decomposable m- 
vector field on J l ir such that i(Xc)oJ = 1 and i(Xc)Q,£ = then Xc is an Euler- Lagrange m-vector 
field for C 



( Proof ) We must prove that Xc is semi-holonomic, that is, i(X£)V = 0. For this purpose, we 
consider local fibred coordinates (x a ,y A ,v A ) on J x -k. Then, since i(Xc)u> = 1, it follows that 

d „ A d „ A d \ 



Xc = K=i fl-r + r « -7T-A + T c 



^dx a a dy A a/3 dv A J 
with and T A p local real functions on J l n. Furthermore, from (|18|) . we deduce that 

= ( _ ir+ i (r A_^ ) _g_ 5 fardlBand, 



Therefore, using the fact that £ is regular, we conclude that 

= v A , for all A and a, 
which implies that Xc is semi-holonomic. 



Hence, if (J 1 it, Sic) is a regular Lagrangian system, then the existence of classes of Euler- 
Lagrange m-vector fields for C is assured in J 1 it. In the same way, for the Hamiltonian formalism, 
the existence of Hamilton-De Donder-Weyl m-vector fields is assured everywhere in J 1 it* (note 
that if Xc is an Euler-Lagrange m-vector field for C then {TC)*Xc is a Hamilton-De Donder-Weyl 
m-vector field on J 1 ^*). In both cases, the solution is not unique. 

For singular (almost-regular) Lagrangian systems, the existence of Euler-Lagrange m-vector 
fields is not assured except perhaps on some submanifold Sf <— > J 1 ^, where the solution is not 



M. de Leon et al, Pre-multisymplectic constraint algorithm for field theories. 



19 



unique. In order to find this submanifold we apply the algorithm developed in Section [3.31 to the 
system (J 1 -^,^), by doing the identifications k: F — ► M with 7f 1 : J 1 ^ — > M, and £1 with Q^. 
Thus we obtain obtain a sequence 

. . . j b N, : C • • • & N, h N = J 1 * . (24) 

which, in the best of cases stabilizes in the final constraint submanifold Nf where there exist 
m- vector fields X N f on Nf, solution to the equations 

(i(X N f)Q c )\N f = 0, (i(X N ')w)\N f = 1. (25) 

But X N f will not be, in general, an Euler-Lagrange m-vector field on Nf (that is, it is not semi- 
holonomic), and, in addition, X f will not in general be an integrable m-vector field. The problem 
of finding integrable Euler-Lagrange m-vector fields (i.e., holonomic) is discussed and solved in the 
next Section. 

Now, we consider the Hamiltonian system (T 7 , fi^)- Let Vq be a connection in the bundle 
Tq : V — > M and denote by the corresponding m-vector field on V associated with Vq and rj. 
Then, we have: 



Proposition 11 The Hamilton- Cartan (m + l)-form may be written as 

V* V* V* 

where u>q = TQ*rj, (7/1)77 = i(% °)&h> an d ° is a (m + l)-form on V of bidegree (m — 1, 2) with 

respect to the connection Vq. 



( Proof) If y = J 7 Co(y) € V, with y € J 1 -^, and V\,V2,v% € V v {tq) then, since TCo : J lr K — > V is 
a submersion and Tq 1 o TCq = ff , it follows that there exist v±,V2,Vs £ Vyi^ 1 ) such that 

(T y TC )(vi) = Vi, for i G {1, 2, 3}. 

Thus, using that (TCoT^h = ^Ci we deduce that 

i(«i Av 2 Av 3 )n° h (y) = 0. 

This proves the result. ■ 



Hamilton-De Donder-Weyl m-vector fields do not exist, in general, in V , and then we must 
apply the algorithmic procedure developed in Section T3.3I to the system (V, by doing the 
identifications k: F — > M with f l \-p : V — > M, and Q with fi9. Thus we obtain a sequence 

... J b Pl € ..Ap^P^V. (26) 

which, in the best of cases stabilizes in the final constraint submanifold Pf of V where there exist 
m-vector fields X p f on Pf, solution to the equations 

{i(X p t)tP h )\ Pf = 0, (i(X p f)u* )\ Pf = 1. (27) 

Of course the solution X p f is not unique. 
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Remark 3 The Lagrangian and Hamiltonian pre-multisymplectic algorithms are equivalent in the 
following sense: at every level j of the Lagrangian and Hamiltonian algorithms, the submanifolds 
of the sequences (|2*4")l and (|2*H)) are J r £-related, that is, J r C(Nj) = Pj and TLj = TL^^ : Nj — ► Pj 
is a submersion such that J r Cj 1 (J 7 £j(xj)) = J r CQ 1 (J r C (xj)), for Xj G Nj. Moreover, if Nf is 
the final constraint submanifold (in the Lagrangian level) and X f is a locally decomposable m- 
vector field on Nf such that equations (|25|) hold and, in addition, X N f is .7-Xj-projectable to an 
m-vector field X p f on Pf then X p f is locally decomposable and equations l|27|) hold. Conversely, if 
is a locally decomposable m-vector field on Pt satisfying equations (|27[l and Af^v is a locally 
decomposable m-vector field on Nf which is J-Xy-projectable on X p f then X f satisfies equations 
(|23)) (see jlHlEni for a detailed discussion on this topic). 

Finally, the Hamilton-De Donder-Weyl m-vector fields X p f are not integrable, in general. In 

p Pf Pf Pf 

fact, if we have that X f = X t A ... A X m , where X a are (local) vector fields on Pf, for all a, 

Pf Pf ~ ~ 

and {X 1 , . . . , Xm , Z\, . . . , Z p } is a local basis of the vector bundle TPf — > then 

[ x a iXp } \ = P afj X^ +( l a/3 Zi 

for some functions f^a and on Pf. Therefore, we must apply the integrability algorithm of 
Section 13.41 and we obtain a sequence . . . C C . . . C Ji C Pf , such that J. L is a non-empty 
(closed) submanifold of Sf, with 

Ji = {y G P/ | CUy) = 0} 

J< = {ye Ji-i I -^ P/ (y) e a^t^^x}, for » > 2. 

In the best cases, there exists an integer i such that Ji+i = J%. Then, Jf = J7i+i = J% is a 
submanifold of Py, and X^S = (X p f)\j f is an integrable Hamilton-De Donder-Weyl m-vector field 
in J f . 

4.3 Almost-regular Lagrangians and integrable Euler-Lagrange m-vector fields 

Let (J l ir,Q,c) be an almost-regular Lagrangian system, and Nf the final constraint submanifold 
(in the Lagrangian setting). Then, there exists a locally decomposable m-vector field X N f on Nf 
such that 

(1(^^)1^=0, (i(X N f)u)\ Nf = l. 

But, in general, X N f is not an Euler-Lagrange m-vector field on Nf and, in addition, X f will not 
in general be an integrable m-vector field. 

In order to solve these problems, first we construct a submanifold Sf of Nf where there exists 
a locally decomposable m-vector field X f such that 

(i(x s f)n c )\ Sf = 0, (i(x s f)u)\ Sf = 1, d(x s f)v)\ Sf = 0. 

In fact, from the above discussion we know that we can choose the m-vector field X N f on Nf such 
that it projects via J-Cf (the restriction of J-C to Nf) onto an m-vector field X p t on Pf. Then, 
we consider the subset Sf of Nf defined by 

S f = {xe Nf/{i{X N f)V)(x) =0}. (28) 
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In |2U] (see also 126)). it was proved that 

(i(X N f)V)(x) e KerT x (fC f ) = KerT x {TC ) (29) 
and that for every x € Nf, Sf fl TCJ 1 (!FCf(x)) = Sf fl P£ ~ 1 (.PjCoOe)) is a single point in Sf. 
The above result allows us to introduce a well-defined map Sf : P/ — > iVy such that 

s f = s f( p f)> FCfOs f = Id. 

Thus, s/ : P/ — > Afy is a global section of the submersion ,F£/ : iVj — > Pj and, therefore, 5/ is an 
embedded submanifold of Nf and the map Sf : Pf — » <Sy is a diffeomorphism (for more details, see 

namo]). 

Now, defining the m- vector field X s f on 5/ by X s f = (A' m Ts/) o A^ , then we have |50*] : 

Theorem 6 A" 5 / is an Euler- Lagrange m-vector field on Sf for the Lagrangian C, that is, X s f is 
a locally decomposable m-vector field on Sf and 

(i(X s f)Q c )\s f = 0, (i(X s f)uj)\s f = 1, (i(X s f)V)\ Sf = 0. 

Next, we give a local description of the submanifold Sf and of the Euler-Lagrange m-vector 
field X s f on Sf. Since £ is almost-regular, it follows that the rank of the partial Hessian matrix 



( d 2 L \ . , / d 2 L 

- — r- — ^ is constant. Let rank - — r- 



, , i is constant. Let rank R = pm + q, with < p < n — 1 and < q < m, 

\dv£Ov" J J 

and assume that the first pm + q rows of this matrix are independent. Denote by V^ 1 ) — > J 1 ^ 
the vector subbundle of the vertical bundle ^(vr 1 ) — > J 1 ^ of 7T 1 : J 1i k — >• M generated by the local 
vector fields 

{^'^'•••'^h}' forl<A<pandl<a< ra . 

Then, there exist sections {X^_\, . . . , X^ 1 " 1 , X^}, with p + 2 < A < n and 1 < a < m, of the vector 

bundle V(t: 1 ) -> J 1 ^ such that {WjJ*, . . . , W^ +1 , WAf }, with p + 2 < A < n and 1 < a < m, is a 
local basis of KeriT^Co)), where 

W | +1 = ^|+T+^ +1 ' ^ = ^+ X - (p + 2<,4<n, l<a<m, g+l</?<m). (30) 
Now, suppose that X N f = X{ f A ... A A^, with 



, for a € {1, ... , m}. 



Then, using that A/^ is J-"£j-projectable, it follows that the functions are constant on the 
fibers of TCf : Nf — > Pj. But, as J 7 Cj 1 (J : Cf(x)) = TL^ {TLq{x)\ for every x £ TVy (see Remark 
we obtain that 



W^ +1 (r^)=0, 7 e{g+l,...,m} 
W^ +l+l {T^) = 0, i€{l,...,n-p-l}, 7€{l,...,m}. 



Furthermore 

*-(A^v = (r^-^)JL. 
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Thus, from (|2*U|) and l|3Uj). we have that 

i{X N f)V = (r^ +1 - vP +1 )W? +1 + (FP +1+i - vP +l+i )WP +l+i . (32) 
Note that the functions 



C P+i = rf 1 -< 1 , 7 €{g + l,...,m} 

C? + 1+4 = rf 1+i - i E {1, • • • , n - p - 1}, 7£{1,.,4 

are independent on Nf. In fact (see (|30|) . (|31|1 and (|33|0 



(33) 



^7 P+1 (C^ +1 ) = -V> w* + \(? +1+i ) = o, 

^ +1+J(C P +1) = 0j wl+1+i(c p +1+i) = 

Moreover, using (|28j) and (|32|) . we conclude that C^ +1+l }, with 7 € {1, ... , m}, i G {1, . . . , n — 

p — 1} and 7 E {l,...,m}, is a set of local independent constraint functions defining 5/ as a 
submanifold of iVy, that is, 

s f = {x g iv ; /(rf 1 - ^ +1 )(x) = 0, (rf 1+4 - < 1+ *)(x) = o}. 

Finally, a direct calculation proves that the Euler-Lagrange m- vector field X s f on Sf is given by 
X s f = X^ s A ... A Xm , with 

= (*f ' + (C^ +1 ) W^ 1 + X»* {C? +l+l )W? +l+l )\ Sf , for every a. 

X s f is not, in general, integrable. In fact, if {X^ 1 , . . . , Af^/, Zi, . . . , Z s } is a local basis of the vector 
bundle TSj — > Sf then we have that 



[X a f ' ,Xp f \ — f2f3^-T f + Caf3 Z h 



for some functions /2g and CL 



Therefore, we must apply the integrability algorithm of Section Then, we obtain a sequence 
• • • Q 1% ^ • • • C X\ C 5/, such that X, is a non-empty (closed) submanifold of Sf, with 

Ji = {xeS f \Q /3 (x) = 0} 

%i = {x G Ii-i\X s t (x) E A m T :r T i _i}, for t > 2 

In the best cases, there exists an integer i such that Xj+i = 2j. Then, = Xj+i = Zj is a 
submanifold of Sf and A? = {X s i)\j f is an integrable Euler-Lagrange m- vector field on If, and 
hence it is holonomic. In fact: 



Theorem 7 If U is an open subset of M and s : U C M — > 2j is an integral section of X T f then 
there exists a section eft : ?7 C M — > £7 0/ £/ie projection it : E — > M such that s = j l 4> an d 4> is a 
solution to the Euler-Lagrange equations for C. 

( Proof ) We have that 

(i(X f )n c )\x f =0, (34) 



(i(xf)V)k f =0. (35) 
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We can assume, without loss of generality, that s(U) C U, with U an open subset of J 1 ^ and 
(x a ,y A ,v A ) a system of local coordinates on U. Then, since X x f is locally decomposable and 
i{Xf)uj\j f = 1, we deduce that 



xXf \ura f = X l* A...A^, (36) 



with Xa f G X(f7 n 2» given by 



■ a ~ \dx<* + a dy A + a/3 dv } 
for all a, where T A and rvg are local functions on U. Now, using that 



XJ ~ [dx^ + + J (37) 



£/r£Z> 



it follows that (see l(33|>) 



9 A d „ A d 



— I — ~t~ ttf-^r + r 



ftc " a fry* "P&of 
Furthermore, from we obtain that 



(38) 



(39) 



<9y A dv B dv A v ' \dy B dv A dy A dv B 

f d 2 L B _ 8L_ d 2 L \ 

+ \dy A dvf a dy A + dx a 8v A J 
Therefore, using (]34[). (|36|). (|3*7|) and (|39[). we conclude that 

+ Wto£ Va + a^ r - " = °' for every A (40) 

Next, suppose that U is an open subset of M and that s : U C M — > [7 n If C J 1 -^ is an integral 
section of ^"^Ij/nx such that the local expression of s is s(x^) = (x 13 , s A (x 13 ), s A (x@)). Using (|38jl 
and the fact that 

^ J d \ ( d ds A d ds A d \ 

(Ts) = [dJ + + d^H) ^ every 

we deduce that 

ds A d 2 s A 
4=q^, r a pos= for every A, a, (3. (41) 

From ([41 1). it follows that there exists : £/ C M — > E a local section of 7r : £7 — > M such that 
s = j l 4>. Moreover, using (|4T)|) and (|41jl. we obtain that 

d 2 L d 2 L ds B d 2 L d 2 s B dL 



dx a dv A dy B dv A dx a dv B dv A dx a dx v dy A 
This implies that 

<9L d dL\ 



W) \W~d^m = ^ for every yl. 
In other words, is a solution to the Euler-Lagrange equations associated with C. 
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Remark 4 The behaviour of the integrability algorithm in the Lagrangian and Hamiltonian levels 
is the same. Indeed, it is easy to prove that {TC^iZi) = and that the map : — * Si is 

a diffeomorphism, for every i. Thus, if the integrability algorithm in the Lagrangian level stabilizes 
at step i then the integrability algorithm in the Hamiltonian level also stabilizes at step i and, 
conversely, if the integrability algorithm in the Hamiltonian level stabilizes at step i then the 
integrability algorithm in the Lagrangian level also stabilizes at step i. 



5 An example: affine Lagrangian densities 



Consider the configuration bundle tt: E — > M, and a £ A™T*E. Then, a induces a function 
L = a £ C°°(J 1 7r) as follows: given x € M and a section eft: M — » E, we define L(J%,(t>) by 

Wl<P)r,{x) = [<f>*a] (x) . 

Note that L(j^<p) is well-defined: if 4>,ip are sections such that j^cj) = j^ip, then L{j^<f>) = L(j^). 

Taking fibered coordinates (x a ,y A ,v A ) in J 1 75, if a = a(x a , y A ) d m x + f^(x a , y A ) dy B Ad m ~ 1 x fl , 
then 

L(x a , y A , v A ) = a(x a , y A ) + . 
Thus, the Lagrangian density C = Luj is affine. 

A direct computation in local coordinates shows that @l = (vr 1 *)a and, hence, Ql = (vr) 1 *(— da). 
We also obtain T C = a o 7T 1 , and T C = \i o a o ir 1 . Therefore, V = ^ r £(J 1 7r) = a(E) is an embed- 
ded submanifold of A4tt, which is diffeomorphic to E by means of the mapping a: E — > V = Ima. 
Since tt 1 is a surjective submersion with connected fibers, then so is J- Co '■ J 1 ^ ~^ T (recall that 
T Co is the restriction of TC onto its image V). Moreover, since TC (J- C)(y) = (vr 1 ) _1 (7r 1 (y)), 
for all y G J 1 tt, and FCT^ (fC){y) C f£- l (T£)(y) C (vr 1 )- 1 ^ 1 ^)), we obtain FC- l (FC){y) = 

TC [T C){y) = (7r 1 ) _1 (7r 1 (y)), and hence the fibers of T C are connected submanifolds of J l n. In 
conclusion, affine Lagrangian systems are almost regular. 

Note that the manifold V can be identified with E, and the mapping J- Co- J 1/7T ~^ can be 
identified with the mapping n 1 : J 1 ^ — > 75. Hence, the (m + l)-form = (Jo o (resp. the 

m-form u>q) on V can be identified with the (m + l)-form —da (resp. 7r*(^)) on 2?. Taking these 
identifications into account, the constrained Hamilton equations on E are 

i(X v )(da) = 0, i(X v )(7r*(rj)) = l. (42) 

* m ( d d \ 

Let Vq be a connection in the bundle Tq 1 : P — » M, and y v ° = f\ \d~ Jl ~^^~d~~ A ) ^ e corre " 

sponding m-vector field on "P associated with Vq and 77. A direct computation shows that 



(7»), =;W°« = (-i' 



It is easy to show that f2, is 1-nondegenerate if, and only if, the matrix (f^s) ' ' 



^ dy A dy B 

is regular, for every /i 6 {!,... , m}. Then, the Hamiltonian constrained system (|4*2*)) has solution. 
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m f d d \ 

A m-vector field X v = j\ (^^7 + F v~q~< 4 J is a solution to © on V ~ E if, and only if, 



5 y B Q y A J I* QyA Q x u ■ 



Note that there are n equations and mn variables, and that the rank of the matrix , ., . 

\ oy a oy A 

of type n x nm is maximum, that is, n. Thus, the set of solutions of the system is an affine space 
of dimension n(m — 1) (the solution is not unique if m > 1). 

With respect to the integrability of the solutions, a direct computation shows that a m-vector 
field X v solution to (f%2*|) is integrable if 

f)F A dF A F)F A dF A 

Otherwise, the integrability algorithm should be applied. 

Taking into account the identification V ~ E, as Vic = TC^—da), if X v is a solution to the 
constrained Hamiltonian equations on V, then every locally decomposable m-vector field X J n 
which projects via J-Cq onto X v is a solution to the equations 

i(X Jln )(Q c ) = 0, i{X jl% )uj = 1. 

Let ^ be the first-order jet field with respect to the fibration n: E — > M associated to the Ehres- 
mann connection defined by the m-vector field X p . Then, the submanifold S of J 1 ^ where a 
semi-holonomic m vector field satisfying the Lagrangian equations exists is ^f(E). In fact, if 
X s = (A m T^) o X v then X s is an Euler-Lagrange m-vector field on S for C, that is, X s is a 
locally decomposable m-vector field on S and 

(i(X s )n c )\ s = 0, {i(X s )u;)\ s = 1, (i(X s )V)\ s = 0. 

If the matrix (f^ B ) is singular but there are no higher-order constraints, the previous results remain 
true. Otherwise, we will have to apply the premultisymplectic constraint algorithm. Suppose that 
we have obtained the final constraint submanifolds Nf and Pf, with the submersion (vr 1 ) liv^ : Nf - > 
Pf. Let X p f be a m-vector field solution of the constrained Hamiltonian equations. We have that 
ft(Pf) is an open subset of M and that ttj = 7T|p : Pf — » ir(Pf) C M is a fibration. Moreover, J 1 ^ 
is a submanifold of J 1 -^ (see Appendix). Now, let be the first-order jet field with respect to the 
fibration 7Ty : Pf — > vr(Py) associated to the m-vector field <f ■ p ^. Then, the submanifold S*j of J 1 -^ 
where an Euler-Lagrange m- vector field for £ along S f exists is *(P/), and X s f = (A m T*) o X p f 
is such an Euler-Lagrange m-vector field (see Theorem |BJ). 

Example: Let 7r: M 4 — > M 2 be the configuration bundle, and L = x 2 (y 1 v\ + y 2 u 2 ) + ?/y 2 . 

In this case, a = y 1 y 2 dx 1 A <ix 2 — x 2 y 1 dy 1 A dx 1 — x 2 y 2 dy 2 A dx 1 . If V is the trivial connection, 
d d 

y¥ = ——r A 7^7, then = (y 1 — y 2 )idy l — dy 2 ) and f2Y = 0. A simple computation shows that, 
' ox 1 ox z 1 

in this case, b^(h) = ((h)y,0). Therefore, the vector fields Z{ in Theorem 5 are all the vertical 
vector fields in V(7f 1 ). Hence, the submanifold N\ is characterized by the constraint y 1 — y 2 = 0. In 
fact, every semi-holonomic 2- vector field in N\ is an Euler-Lagrange 2-vector field for this problem. 
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Appendix: m- vector fields and Ehresmann connections in fibre bun- 
dles 

(See jlUl 1261 15U] for the proofs and other details about the results in this section). 

Let F be a iV-dimensional differentiable manifold. Sections of A m (TF) are called multivector 
fields in F, or more precisely, m-vector fields in F (they are contravariant skew-symmetric tensors 
of order m in F). The space of m-vector fields is denoted by V m (F). X G V m {F) is locally 
decomposable if, for every p £ F, there exists an open neighbourhood U p C F and Y\, . . . ,Y m G 

X(U P ) such that X = Y\ A. . . AY m . We denote by £ m (F) the set of locally decomposable m-vector 

U p 

fields in F. Contraction of m-vector fields and tensor fields in F is the usual one. 

We can define an equivalence relation: if X, X' G X m (F) are non-vanishing m-vector fields, and 

U C F is a connected open set, then X ~ X' if there exists a non- vanishing function / G C°°(U) 
such that X' = fX. Equivalence classes are denoted by {<-f }[/• There is a one-to-one correspondence 

between the set of m-dimensional orientable distributions D in F and the set of the equivalence 
classes {<-f}F of non- vanishing, locally decomposable m-vector fields in F. If X G X m (F) is non- 
vanishing and locally decomposable, the distribution associated with the class {<^}[/ is denoted 
T>jj(X) (If U = F we write T>(X)). A non- vanishing, locally decomposable m-vector field X G 
£ m (F) is said to be integrable if its associated distribution Vjj(X) is integrable. Of course, if 
X G £ m (F) is integrable, then so is every m-vector field in its equivalence class {X}, and all of 
them have the same integral manifolds. Moreover, from Frobenius' theorem, a non- vanishing and 
locally decomposable m-vector field is integrable if, and only if, T>(X) is involutive. 

Now, let k: F — > M be a fibre bundle (dim M = m). We are concerned with the case where 
the integral manifolds of integrable m-vector fields in F are sections of k. Thus, X G £ m (F) is 
said to be n-transverse if, at every point y G F, {i{X){K*rf)) y ^ 0, for every rj G fi m (M) such 
that T](n(y)) ^ 0. Then, if X G £ m (F) is integrable, it is K-transverse if, and only if, its integral 
manifolds are local sections of k: F — > M. In this case, if </>: U <Z M — > F is a local section with 
4>(x) = y and <j>(U) is the integral manifold of X through y, then T y (lm0) is T> y (X). Integral 
sections (j> of X can be characterized by the condition 

A m T0 = fX o (j> o p M 

where A m T(p: A m TM -> ATF is the natural lifting of 0, ATM -> M is the natural 
projection, and/ G C°°(F) is a non- vanishing function (observe that this characterizes the entire 
class {X} of integrable m-vector fields). 

Let V be an Ehresmann connection in the fibration k: F — > M. As is known, it defines a 
horizontal subbundle H(V) C TF, such that TF = H(V) © V(/c), where V(k) is the k- vertical 
subbundle. If y G F, then H y (V) = ImV(y). Thus, we have the horizontal distribution associated 
with the connection V. The connection V is said to be flat (respectively, orientable) if the horizontal 
distribution is completely integrable (respectively, orientable). 

Classes of locally decomposable and /t-transverse m-vector fields {X } C X m (F) are in one-to- 
one correspondence with orientable Ehresmann connections V in k: F — > M. This correspondence 
is given by the fact that the horizontal subbundle associated with V is T>(X). Thus, classes 
of integrable locally decomposable and K-transverse m-vector fields correspond to flat orientable 
Ehresmann connections. 
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A connection V in the fibration n: F — > M induces a splitting T*F = H*(V) © V*(k), where 

H*(V) = V»°, V*(k) = H y (V)°. 

Here, Vy(re) C T*F (respectively, H^(V)° C T*F) denotes the annihilator of the subspace Vy{n) C 
T y F (respectively, H y (V) C T y F). The splittings TF = H(V) © V(«) and T*F = H*(V) ffi V*(k) 
may be extended to the tensor bundles 

A'TF = (A r H(V)©A s V( K )) (43) 

r,s=0,...,Z; r+s=Z 

A fc T*F= (A^H*(V) © A 9 V(k)*) (44) 

p,<j=0,...,fc; p+q=k 

Thus, for every X G 3£(jF), we obtain that i(AT)V = Xy is an horizontal vector field, that is, 
a section of H(V) — > -F. ATy is the horizontal component of X, and we write X = Xy + Xy , 
where Xy = A — Xy is a k- vertical vector field. Moreover, if a G f2 1 (F), then we have that 
i(a)V = Qy G Q 1 (F) is an horizontal 1-form, that is, a section of H(V)* — ► F. ay is the 
horizontal component of a, and we write a = Qy + ay , where «y = a — ay is a k- vertical 1-form 
with respect to the connection V, that is, it vanishes under the action of every horizontal vector 
field associated with the connection V. Furthermore, if X G X(F) is a Ac-vertical vector field, then 
i{X)a% = 0. In addition, if X G X k (F) and (5 G f2 l (F), the splittings (jUJ) and (JUJ allow us to 
make the following decomposition 

*= E <4 r,s) , /?= E 

r,s=0;r+s=k p,q=0;p+q=l 

where the superscripts denote the horizontal and vertical parts respectively, of the fc-vector 
field X and the Worm (3. 

Finally, if V is an Ehresmann connection in the fibration k : F — ► M and y G F then the map 

A fc T y K H (v) : A fe H s/ (V) -» A fc T K(y) M, 1 < k < dimM = m, 

is a linear isomorphism and the inverse morphism (A" 1 Tj / kh(V)) _1 : A m T K ( y )M — > A m Hy(V) is just 
the horizontal lift at y induced by V. Denoting by A rn («; H (y))~ 1 the natural extension of this map 
to m-vector fields on M, one may consider A m («; H (y))~ 1 (<%'), the horizontal lift of X G X m (Af), as 
the m-vector field on F given by 

[A^^v)); 1 WKy) = (A-T^hcv))- 1 ^^))), for every y G F. 

In particular, if X^ is the m-vector field on M characterized by the condition 

a\ A • • • A a m = X v (ai, . . . ,a m )rj , for every a±, . . . , a m G f2 1 (M) 

one may define the m-vector field G X m (F) by y% = A m (« H (v))* 1 W- Note that is a 
locally decomposable and K-transverse m-vector field on F, verifying that i(y^)ui = 1, and that 
the distribution T>(y^) is just the horizontal distribution associated with the connection V. 

If C is a submanifold of F, and Xq is a locally decomposable m-vector field on C such that 

i{Xc{y))u{y) = 1, for every y G C 

then /e|c = k-c ■ C — > M is a submersion. In fact, if y G C and Xc(y) = X^(y) A • • • A X™(y), with 
X^(y) G T y C, then 

r,(K(y))(T v Kc(Xh(y)), . . . , T y K C (X^(y))) = 1 
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This implies that {T y Kc(X c (y)), . . . , T y Kc{X c l (y))} is a basis of T K r y \M, and thus, T y Kc ■ T y C — > 
T K ( y )M is an epimorphism. Therefore, k(C) is an open subset of M and Kc' C —* n(C) is a fibre 
bundle. Consequently, Xc defines an oriented Ehresmann connection in the fibration kc- C — > k(C) 
which, in the terminology of |261 I3L)| . is said to be an (oriented) Ehresmann connection in the 
fibration k: F — > M along the submanifold C. Note that the canonical inclusion l : J 1 kq ^ J l n 
is an embedding and, thus, J 1 Ate is a submanifold of J 1 ^. 

Remark 5 It is well-known [l^ that there exists a one-to-one correspondence between Ehresmann 
connections in the fibration k : F — > M and first-order jet fields with respect to k, that is, sections 
of the fibration k 1 : J X F — > jP. In fact, let V be a connection in the fibration k: F — > M, (that is, an 
element of r(F, k*T*M) <g) r(F, TF)), such that V*a = a, for every K-semibasic form a £ f2 1 (F)), 
and H(V) the associated horizontal subbundle. If (Tj / kh(v)) _1 denotes the horizontal lift at y; for 
every y £ F, let <f>: M — > F be a section of k passing through y, such that 

T K(y) = T yK H(v)) _1 : T K(y) M H^V) C T y F 

then we define the map 

ip v : F -> J X F 

which is a section of the fibration k 1 : J 1 F — > F. Conversely, given a section : F — > J X F, for 
every y € J X F with n l {y) = y, and a representative <p: M — > F of y, we define the horizontal 
subspace Hj,(V) := hnT y (f), and H(V) := Uj,H y (V). Thus we have identified the fibre J y F = 
(k 1 )~ 1 (?/) with the set 

{h 9 eW®v I T yK oh y = id} 

In particular, if we have a connection or, what is equivalent, a class of K-transverse, locally 
decomposable m- vector fields in the fibration k: F — > M, along a submanifold C of F, and a 
representative Xc of this class, then k(C) is an open subset of M, kq = k\c'- C — > k(C) is a 
fibration, and A<7 may be seen as a section i/jq of the fibration k c : J 1 kc ~^ C. Thus, ifc(y) is 
identified with a linear map from T K ^M onto T y C, that is, an element h y G T*- £ED T^C, and 

(T y Kc o v^c)(y) = {TyKchyC ° ipc)(y) = Id i for ever y v € C- 
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